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1. Introduction 
In this note we pursue bounds for exponential sums of the form 

(1.1) f k (a;x,y)= ^ A(n)e (an k ) , 

x<n<x+y 

where k > 2 is an integer, 2 < y < x, A(n) is von Mangoldt's function, and e(z) = e 2ntz . 
When y = x e with 9 < 1, such exponential sums play a central role in applications of the 
Hardy-Littlewood circle method to additive problems with almost equal prime unknowns 
(see [HI |71|9]). When a is closely approximated by a rational number with a small denominator 
(i.e., when a is on a "major arc"), Liu, Lii and Zhan [5J bounded /fc(a; x,x e ) using methods 
from multiplicative number theory. Their result, which generalizes earlier work by Ren [8], 
can be stated as follows. 

Theorem 1. Let k > 1, 7/10 < 9 < 1 and < p < min{(8# - 5)/(6k + 6), (109 - 7)/15}. 
Suppose that a is real and that there exist integers a and q satisfying 

(1.2) 1 < q < P, (a, q) = 1, \qa - a\ < aT fc+2(1 - e) P, 
with P = x 2kp . Then, for any fixed e > 0, 



f k (a; x, x e ) < x e ~ p+£ + x 



where 5(a) = q + x k 2(1 e '\qa — a\. 

For a given P, let DJl(P) denote the set of real a that have rational approximations of the 
form (II. 2p . and let m(P) denote the complement of 97t(P). In the terminology of the circle 
method, 9Jt(P) is a set of major arcs and tn(P) is the respective set of minor arcs. The 
main goal of this note is to bound fk{<y; x, x e ), k > 3, on sets of minor arcs by extending a 
theorem of the author [H Theorem 1], which gives the best known bound for fk(a; x, x). We 
first state our result for cubic sums. 

Theorem 2. Let 9 be a real number with 4/5 < 9 < 1 and suppose that < p < p?,{9), where 

p 3 (9) = min (£(20 - 1), ±(140 - 11), §(50 - 4)) . 
Then, for any fixed e > 0, 

(1.3) sup \h{a;x,x e )\^x e - p+£ + X e+£ P- 1/2 . 

aSm(P) 



Date: Draft from December 2, 2011. 

2010 Mathematics Subject Classification. Primary 11L07; Secondary 11L15 11L20 11N36. 

1 



We remark that when 8 = 1, Theorem [2] recovers the bound 



sup |/ 3 (a;a;,x)| < x 13/u+£ + x 1+£ p- l/2 , 

aem(P) 

which is the essence of the cubic case of [JJ Theorem 3]. In the case k > 4, our estimates 
take the following form. 

Theorem 3. Let k > 4 be an integer and 8 be a real number with 1 — (k + 2) _1 < 8 < 1. 
Suppose that < p < Pk{8), where 

p k {8) = min (i<7 fe (30 - 1), \{{k + 2)8 - (k + 1))) , 

with o~k defined by a^ 1 = min(2 fc_1 , 2k{k — 2)). Then, for any fixed e > 0, 

(1.4) sup \f k (a; x, x e ) | < x e - p+e + x 9+£ p- 1/2 . 

aGm(P) 

When 8 = 1 and k < 7, this theorem also recovers the respective cases of [4, Theorem 3]. 
On the other hand, when k > 8, (11.4j) is technically new even in the case 8 = 1, as we use 
the occasion to put on the record an almost automatic improvement of the theorems in |4] 
that results from a recent breakthrough by Wooley [HI IT2] . 

Notation. Throughout the paper, the letter e denotes a sufficiently small positive real num- 
ber. Any statement in which e occurs holds for each positive e, and any implied constant 
in such a statement is allowed to depend on e. The letter p, with or without subscripts, is 
reserved for prime numbers. As usual in number theory, p(n), r(n) and ||a;|| denote, respec- 
tively, the Mobius function, the number of divisors function and the distance from x to the 
nearest integer. We write (a, b) = gcd(a,6), and we use m ~ M as an abbreviation for the 
condition M < m < 2M. 



2. Auxiliary results 
When k > 3, we define the multiplicative function Wk{q) by 



(p ku+v ) 



kp -u-l/2^ if M > 0,^ = 1, 

p- u -\ ilu>0,v = 2,...,k. 



By the argument of [10] Theorem 4.2], we have 

(2.1) Yl 6 ( ax V<?) « qw k (q) « q l - l/k 

l<x<q 

whenever k > 2 and (a, q) = 1. We also need several estimates for sums involving the 
function Wk{q)- We list those in the following lemma. 



Lemma 2.1. Let Wk{q) be the multiplicative function defined above. Then the following 
inequalities hold for any fixed e > 0: 

(2 - 2) S Wfc(g) k mA '< 

(2.3) Wk (r^T ) « <fM<i)N (i < j < *0; 

{2A) ^ wt {^jtm) <<q ' Mq)N+q '- 

(n,h)=l 

where R(n, h) = ((n + h) k — n k ) /h. 

Proof. See Lemmas 2.3 and 2.4 and inequality (3.11) in Kawada and Wooley [3J. □ 

Lemma 2.2. Let k > 3 be an integer and let < p < o~\~, where a^ 1 = min(2 fc_1 , 2k(k — 2)). 
Suppose that y < x and x k < y k+l ~ 2 P . JTiere either 

(2.5) £ e (an*) < y 1 "** 

x<n<x+iy 

or t/tere exis£ integers a and q such that 

(2.6) l<q<y kp , (a,q) = l, \qa - a\ < x x ~ k y kp ~ x , 
and 

(2.7) £ e(an fc )<<-— ^T^^+^V 1 -^ 2 - 
z — ' 1 + yar 1 a; — a/a 

Proof. By Diri chiefs theorem on Diophantine approximation, there exist integers a and q 
with 

(2.8) l<q<y k ~\ (a,q) = l, \qa - a\ < y 1 ^. 
When q > y, we rewrite the sum on the left of ( 12. 5 j) as 

^ e (cm fc + o^n* -1 H h« ), 

l<n<i/ 

where = (^)a[xp _1 . Hence, ( 12 .5|) follows from Weyl's bound 

^ e (an k + a k -xn k ' 1 + h a ) < Z/ 1_CTfc+£ - 

l<n<j/ 

Under (I2.8p . this follows from [TUJ Lemma 2.4] when = 2 1_fc and from Wooley's recent 
improvement [12] of Vinogradov's mean-value theorem otherwise. When q < X, we deduce 
( l2Tj) from pH Lemmas 6.1 and 6.2] and (EH). Thus, at least one of (f2JS and ([H]) holds. 
The lemma follows on noting that when conditions (I2.6P fail, inequality (12. 5p follows from 
( 12 .7p and the hypothesis x k < y k+1 - 2 P. □ 

The following lemma is a slight variation of [U Lemma 6]. The proof is the same. 
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Lemma 2.3. Let q and N be positive integers exceeding 1 and let < 8 < ~. Suppose that 
q\ a and denote by S the number of integers n such that 

N<n<2N, (n,q) = l, \\an k /q\\<5. 



Then 



We write 



S < 5q £ {q + N). 
3. Multilinear Weyl sums 



5 = x 6 1 , L = log a;, X = (x, x + x ~\ . 

We also set 

(3.1) Q = (8x k -^) k/(2k ' 1] . 

Recall that, by Diri chiefs theorem on Diophantine approximations, every real number a has 
a rational approximation a/q, where a and q are integers subject to 

(3.2) l<g<Q, M) = l, \a-a/q\<{qQ)-\ 

Lemma 3.1. Let k > 3 and < p < o~k/{2 + 2ofc). Suppose that a is real and that there 
exist integers a and q such that (13. 2 1) Zio/ds mi/i Q given fry (13. II) . Let |£ m | < 1, |?7 n | < 1 ; 
and define 

S(a) = ^ ^2 (a(mn) fe ) . 

Then 

S(a)«x^ + W ^ VV+£ 1/2 , 

provided that 

(3.3) r 1 max (a; 2 ^, 5" fc x 4 ", (^-2^-1+4^ V(2fc-i) \ < M < ^_ 2p 

Proq/. Set if = and iV = xM" 1 and define z/ by fF = r^L" 1 . By (O, we have ^ < a fc . 
For m,n 2 < 2iV, let 

-M(ni, n 2 ) = {rra G (M, 2M] : mni,mn 2 G X}. 
By Cauchy's inequality and an interchange of the order of summation, 

(3.4) \S(a)\ 2 <x e M + MTx (a), 
where 



ri(a) = J] 



Jii<ri2 



e (a (n* - n\) m k ) 

m£M(ni,n2) 

Let A/" denote the set of pairs {n\, n 2 ) with ni < n 2 and Ai(ni, n 2 ) 7^ for which there exist 
integers b and r such that 

(3.5) \<r<E k \ {b,r) = l, \r (n k - n k ) a - b\ < H kl '{5 'M k )~ l . 

We remark that Af contains 0(SN 2 ) pairs (ni,n 2 ). Since v < and M k < }j k+1 ~ 2v , we can 
apply Lemma [2.21 with p = u, x = M and y = H to the inner summation in Ti(a). We get 

(3.6) Ti(a) < x 2d - 2p+£ M~ l + T 2 («), 



where 

w k (r)H 



. . + 5M k \(n k - n k ) a - 6/rl" 
We now change the summation variables in 72(a) to 

rf=(n 1 ,n 2 ), n = rii/d, h = (n 2 — n 1 )/d. 

We obtain 

(3 ' 7) ^(o;) < ^ ^ - l/^Ln, ft)a — 6/rl' 

where ft) = ((n + h) k — n fc ) /ft and the inner summation is over n with (n, ft.) = 1 and 
(rati, (n + h)d) G A/". For each pair (d, ft) appearing in the summation on the right side of 
(13. 7p . Dirichlet's theorem on Diophantine approximation yields integers 61 and r x with 

(3.8) 1 < n < a;- 2fcp (5M fc ), (6i,n) = 1, j^ft^a - 61 1 < x 2kp {5M k y\ 

As i2(n, ft) < 3 fc JV* _1 , combining (l3T3|l . (1331) and M . we get 

|6iri2(n, ft) — 6r x | < r 1 H ku (5M k y l + ri*(n, ft)x 2fe ' , (5M fe )- 1 

< + 3 k 5- 1 x k - 1+4kp M 1 - 2k L~ k < 1. 

Hence, 

6 biR(n, ft) ri 



(3.9) 

r ri (ri,R(n,ti)) 

Combining (13. 7p and ( 13. 9p . we obtain 

^ K< JL l + ^M^I^a-Vnl „5 d ^ (fa, J2(n,*)) 

(n,/i)=l 

where = Nd' 1 . Using (12 .4p . we deduce that 

(3.10) T 2 (a) <<5x e+£ + T 3 (a), 
where 

r{w k {ri)HN d 

dh <SN 1 + ^ 

We now write H for the set of pairs (d, ft) with dft < 5N for which there exist integers b\ 
and ri subject to 

(3.11) 1 < n < x 2fcp , (61, n) = 1, Inftc^a - 61 1 < ar^+^/r 1 . 

We have 

(3.12) T 3 (a) < x^-^M" 1 + T 4 (a), 
where 

/T-i / \ rfwhir^HNd 

lAa) = > ; ; — J 

^ v ' / ^ ^ C 1 (•/.. \ ■■/-•- ! 



T ,( a ) = V rlw k (n)HN d 

£j„l + SM*Nlr 1 \h t P a -b 1 /r 1 \ m 



iljn _ H , + 6M*N^ 1 \hd>°a-b l /r 1 \ 
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For each d < 5N, Dirichlet's theorem on Diophantine approximation yields integers b 2 and 
r 2 with 

(3.13) 1 < r 2 < \x k - l - 2hp H, (b 2 ,r 2 ) = 1, \r 2 d k a - b 2 \ < 2 X - k+l+2kp H~ l . 

Combining (13. lip and (13.131) . we obtain 

\b 2 nh - hr 2 \ < (r 2 + 2r 1 h)x- k+1+2kp H~ 1 
< \ + 2x- k+2+Akp M~ 2 < 1, 

whence 

h hb 2 r 2 

n 



n r 2 ' (r 2 ,h)' 
We write Z d = 5M k N k ~ 1 \d k a- b 2 /r 2 \ and we use (J23D to get 

.,. i , x r £ 2 HN d ( r 2 \ „ ^ ^(r^x^M" 1 
T 4 a < 



TTzJ Wk [(^h) <<c L 



Hence, 

(3.14) T 4 (a) < ^-^M -1 + T 5 (a), 
where 

^d 2 (l + <5 2 (x/d) fc |#a-& 2 /r 2 |) 
and Z> is the set of integers d < x 2p for which there exist integers b 2 and r 2 with 

(3.15) 1 < r 2 < x 2kp , {b 2 , r 2 ) = 1, \r 2 d k a - b 2 \ < 6- 2 x~ k+2kp . 
Combining (13. ip . (13. 2p and (I3.15p . we deduce that 

\r 2 d k a - b 2 q\ < r 2 d k Q~ x + g<T 2 aT fc+2fcp 

< x^Q- 1 + 5~ 2 x~ k+2kp Q < 1, 

whence 

b 2 d k a q 
r 2 



r 2 q ' (q, d k )' 

Thus, recalling (12. 3p . we get 

(3 16) T s (a) « x2e+£M ' 1 y Wk f q ,r q ^)) d -2 <<; MqW^M- 1 

I + 5 2 x k \a — a/q\ ' 1 + <5 2 x fc |a — a/q\ 

The lemma follows from (Q, (Q, (ETB|1 . fl3~T0|) . (ETT2j) . fl3TT4|) and fl3TT6|) . □ 

Lemma 3.2. Let A; > 3 anc? < p < o^. Suppose that a is real and that there exist integers 
a and q such that (13. 2p holds with Q given by (13. ip . Let |£ mii m 2 | < I, and define 

S(a)= 22 ^ m U m 2 e (a(m 1 m 2 n) k ) . 

mi~Mi m2~M2 mim2ii£l 

T/ien 

Wfc(g)a; e ' +e 



S(a) < x 9 - p+£ + 



1 + 5x k \a — a/q\ 
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provided that 

(3.17) Mf- X < 5x k - (2k+1)p , M X M 2 < min(fe 1 - p/,Tfc , 5 fc+1 x 1 - 2p ), M\M\ < ^V -2 ". 

Proo/. Set iV = x(M 1 M 2 )" 1 and H = 5N and define z/ by F 17 = x p L~\ Note that, by fETTTj) . 
we have v < a k . We denote by M. the set of pairs (m 1 ,m 2 ), with m 1 ~ Mi and m 2 ~ M 2 , 
for which there exist integers b\ and ri with 

(3.18) l<n<H ku , (6i,n) = l, |ri(mim 2 ) fc a-6i| < H kv (6N k )- 1 . 
We apply Lemma 12.21 to the summation over n and get 

(3.19) 5(a) <x fl -' +e + Ti(a), 
where 

T i(«) = 2^ 



1 + <5iV fc |(mim 2 ) fc a — fti/rd 

(mi,m 2 )eM 

For each mi ~ Ml, we apply Dirichlet's theorem on Diophantine approximation to find 
integers b and r with 

(3.20) 1 < r < ar fep ((5iV fc ), (6, r) = 1, \rm k a - b\ < x kp {5N k )-\ 

By J33ZD, (M) and JODJ, 

|&xr - &m£n| < rH ku (SN k )- 1 + r 1 m k 2 x kp {5N k )- 1 

< L- k + 2 k 5- 1 x~ k+2kp {M 1 Ml) k L- k < 1, 



whence 



Thus, by O, 



6i 

ri r ! (r, m 2 ) 



(3.21) Ti(a) < V ; — r V w fc 

V ; *^L. 1 + 5 MoN) k m k a-b r ^ 



,_w, ^ + W^) fc K«- fe /rL^ 2 V(r,mf) 



y- r £ Wfc (r)jj-M 2 
^-T, 1 + 5{M 2 N) k \m k a - b/r\ 



mi~Mi 

Let .Mi be the set of integers m ~ Mi for which there exist integers b and r with 

(3.22) 1 < r < x^L" 1 , (6, r) = 1, \rm k a - b\ < S^x-^M^L' 1 . 
From f l3~2T|) . 

(3.23) Ti(a) <x e ^ +e + T 2 (a), 
where 

Tf x = r £ Wfc (r)ffM 2 
2W 2^ l + 5(M 2 iV) fc |m fe a- 6/rl ' 

We now consider two cases depending on the size of q in 
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Case 1: q < 5x k - kp M{ k . In this case, we estimate T 2 (a) as in the proof of Lemma 13.11 
Combining (IQl . (IQl . fl3Tfl) and (13T221) . we obtain 

|rm fe a - 6g| < q5~ 1 x~ k+kp M k L~ 1 + rm^ 1 
< L" 1 + 2 k x kp M k Q- 1 L- 1 < 1. 

Therefore, 

b m k a q 
r q ' (g,m fc )' 

and by Q , 

m / x g £ #M 2 { 9 \ w k (q)x e+£ 



1 + <5x fe |a — a/ol ' \{q 1 m k ) ) l + 5x k \a — a/q\ 



Case 2: g > ox fc fcp M 1 k . We remark that in this case, the choice ( 13. ip implies that Mi > x p . 
By a standard splitting argument, 

w k (r)HM 2 x £ 



(3.25) T 2 (a)«^ £ - 



5{M 2 N) k (RZ)- 1 ' 

d\q meMd(R,Z) v y v y 

where 

(3.26) 1 < i? < x^L" 1 , 5x k - kp M{ k L < Z < 8{x/M 1 ) k , 
and A^d(-R, Z) is the subset of .Mi containing integers m subject to 

(m, q) = d, r ~ i£, |rm fc a — 6| < Z~ x . 
We now estimate the inner sum on the right side of (13.251) . We have 

(3.27) w ^ r ) < S ^( r ) 5 o(0, 

m&M d (R,Z) r~R 

where So(r) is the number of integers m ~ Mi with (m,q) = d for which there exists an 
integer 6 such that 

(3.28) (6,r) = 1 and \rm k a - b\ < Z~ l . 

Since for each m ~ Mi there is at most one pair (b, r) satisfying (13.281) and r ~ R, we have 

(3.29) 5^S (r)< ^ KM^ + l. 

r~i? m~Mi 
(m,g)=d 

Hence, 

(3.30) ^ w k {r)S {r) < iT 1/fe (M^" 1 + l) < M x q~ l l k + 1, 

(g,rd' i: )=(; 

on noting that the sum on the left side is empty unless Rd k ^> q. 

When (g, rd k ) < g, we make use of Lemma |2T3"1 By (13.21) . (I3.26P and <^Z 

(3.31) <S (r) < S(r), 



where we <S(r) is the number of integers m subject to 

m ~ Mid -1 , (m, gi) = 1, ||ard fc_1 m fc /<7i|| < A, 

with gi = gcT 1 and A = Z~ l + 2 k+1 RM k (qQ)- 1 . Since fl3TTj) implies Mi < 5x k - kp M^ k < q, 
we obtain 

(3.32) <S(r) < Aq £ d- 1 (M l + q) < Ag 1+£ . 
Combining (13 .3 1 j) and (I3.32|) . we get 

(3.33) <S (r) < Ag 1+£ . 

We now apply Holder's inequality, (12.21) . f!3.29j) . and (13.331) and obtain 

/ \ 1/4 / x 3/4 

(3.34) J2 ^3(r)5o(r)«(Ag 1+£ ) 1/4 ^ W3 (r) 4 

(<j,rd 3 )<<j 

« AVy/^ir^Mf 4 . 

Similarly, when k > 4, we have 

(3.35) Mr)S (r) <^ {Aq^f k lj2Mr) k ) [J2 S ^ 

(g,rd fc )<g 

^ A i/fc (? i/fc+ £jR (i-fc)/fc 2 Mi (fc-i)A^ 

Combining <K27h . (Km . <KMj and (l3~35l) . we deduce 

(3.36) w ^ r ) < A 1/4 g 1/4+e _R" 1/ ' 4 M 1 3/4 + M^" 1 / 3 + 1 

and 

(3.37) ^ w k (r) « &W q W* Ii <i-k)/*Mi k - 1)/k + M.q' 1 ^ + 1 
for A; > 4. 

Substituting (I3.36j) into (I3.25p . we get 

, x e+£ M7 l/A ( Q M 3 \ 1/4 e+£ 1/3 fl+ew , 

T 2 (a) < -,- _ ^7^-1 -5= + -pf + x e+ V 7 + x 0+£ Mf 1 



1 + 5(M 2 iV) 3 (i?Z) _1 Q / 

< (^xM^Q) 1 / 4 ^ + x e+£ (M^- 1 ) 174 + x p+£ M 1 + x e - p+£ 
The hypotheses of the lemma ensure that 

Mi < min (*VV/ 2 - 2 'Q-V2,Qi/2z-2py-2p) , 

and so when fc = 3, 

(3.38) T 2 (a) < a;^ +£ . 
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When k > 4, by (13T25]) and f l337j) . 

™^ x e+£ Mr 1/fc i? 1/fc2 (Q Mf\ lA e+e ,/ fc e+£jr i 
T ^ << l + ^(M 2 Wz)- 1 (m + tJ •'' ^ •'' ' U ' 

< (z'Q^Mi)*- 1 ) 17 ^ + x e+£ (ar'Aff^Q- 1 ) 17 * + a^Mi + x - p+£ , 

and using ( 13. ip and (I3.17p . we find that f !3.38|) holds in this case as well. 

The desired estimate follows from <KWf . ( 13T23|) . ( l3T24j) and ( ETSSj) . □ 

4. Proof of Theorems [2] and [3] 

In this section we deduce the main theorems from Lemmas 13. II and 13.21 and Heath-Brown's 
identity for A(n). We apply Heath-Brown's identity in the following form [21 Lemma 1]: if 
n < X and J is a positive integer, then 



(4.1) A(n) = W"!)(-l)'' £ /iK)"--M%)(logn 2j ). 

n 1 ,...,n i <X 1 / J 



Let a G vri(P). By Dirichlet's theorem on Diophantine approximation, there exist integers 
a and q such that (13. 2p holds with Q given by (13. ip . Let (3 be defined by 

x? = min (,5 2 x 1 - 2 ^ 1 +i) ) ^+2 x i-6p ) (^-(8^2)^1/(2^-1)^ ^ 

and suppose that p and 5 are chosen so that 

(4.2) 6- l xP +2p > 2x 1/3 . 

We apply (14.11) with X = x + x e and J > 3 chosen so that a; 1 '" 7 < x 13 . After a standard 
splitting argument, we have 



^c(n;N)e (cm fc ) 



where N runs over 0(L 2J x ) vectors N = (Ni, . . . , N 2 j), j < J, subject to 

Ni,..., N, < x 1/J , x < iVi • • • N 2j < x, 



(4.3) E A W e W«E 
and 

c(n;N)= //(ni)--- ) u(n i )(logn2 i ). 

n=ni---n2j 

In fact, since the coefficient logn2j can be removed by partial summation, we may assume 
that 



c(n;N) = L ^(m) ■ ■ ■ 



Ni<m<N! 



where AT* < N- < 2Aj (in reality, N- = 2A r i except for i = 2j). We also assume (as we may) 
that the summation variables Tfy+i, . . . , ri2j are labeled so that Nj+i < • • • < A^j. Next, we 
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show that each of the sums occurring on the right side of (14. 3 j) satisfies the bound 

(4.4) y c (n; N)e (cm fc ) « + Mq) 1/2 x e+e 

t^x (l + 5W\a-a/q\f 2 

The analysis involves several cases depending on the sizes of N\, . . . , N 2 j. 

Case 1: N\ - ■ ■ Nj ^> 5~ 1 x 2p . Since none of the iVj's exceeds x@, there must be a set of indices 
S C {1, . . . , j} such that 



(4.5) 5- l x 2fJ <\\N t <5- 1 

Hence, we can rewrite c(n; N) in the form 

(4.6) c(n;N)= £ 



mr=n 



where |f m | < r(m) c , \r] r \ < r(r) c , and M = Yli^s N i- B Y @3}> M satisfies 1EE5J) . so dOD 
follows from Lemma [3.11 

Case 2: Ni ■ ■ ■ Nj < 8~^x 2p , j < 2. When j = 1, g3D follows from LemmaOwith Mi = iV x , 
M 2 = 1 and iV = N 2 . When j = 2, we have 

N 3 < (x/NxN 2 ) 1/2 < x 1/2 , NtN 2 N 3 < (xNxN 2 ) l/2 < 8~ l x 1/2+p , 
(N 1 N 2 ) 2 N 3 < x l ' 2 {NxN 2 )^ 2 < 6- 2 x^ 2+3p . 

Hence, we can deduce ( 14741) from Lemma E2] with M 1 = N 3 , M 2 = N ± N 2 and N = N 4 , 
provided that 

(4.7) x k - l l 2 < 5x k -( 2k+ V p , 5~ 2 x 1 / 2+3p < 5 1 ^ k x 1 - 2p , 

(4.8) <T V /2+p < 5 min (x 1 '^ , 5 k x 1 ' 2p ) . 

Case 3: N\ ■ ■ ■ Nj < 5~ 1 x 2p , j > 3. In this case, we have 

N j+1 , . . . , Ny-. 2 < 2x 1/3 < <T V +2 '. 

Case 3.1: N x ■ ■ ■ N 2j _ 2 > 5~ 1 x 2p . Let r be the least index with JVi • • ■ N r > 5~ l x 2p . We can 
use the product Ni ■ ■ ■ N r in a similar fashion to the product Ni ■ ■ • Nj in Case 1 to represent 
c(n; N) in the form (14. 6p . Thus, we can appeal to Lemma [37T1 to show that (14.41) holds again. 

Case 3.2: Nx ■ ■ ■ N 2 j_ 2 < 5~ 1 x 2p . Then we are in a similar situation to Case 2 with j = 2, 
with the product Nx ■ ■ ■ N 2 j_ 2 playing the role of NxN 2 in Case 2. Thus, we can again use 
Lemma [372] to obtain (|4~4l) . 



By the above analysis, 

w k (q) l / 2 x 0+£ 
(1 + 5 2 x*\a-a/ q \) l/r 



(4.9) Yl A H e ( ank ) < x ^ P+£ + 



n 



(4.11) sup \f k (a;x,x 9 )\ < x 6 



provided that conditions (14. 2p . (14. 7\i and (14. 8 p hold. Altogether, those conditions are equiv- 
alent to the inequality 

x" < min ((5V)^ 6 , (6 2 xY^ 4k+2 \ {5 2 xY k '^\5^/ & x 1 l\ 

(5 (fc+1)/ V /6 , < j(»+l)/5* x 1 /10 j ( 5l/(4fc) x (fc+l)/(12fc)j _ 

We have 

S (k+2)/6 x l/6 < S (k+l)/4 x l/6^ / ( j2 a .\l/(4fc+2) < ^l/(4fc) a .(fc+l)/(12fc) ^ 

(5 3 x 2 ) CTfc/6 < (6 2 z) CTfc/(1+<7fc) when 5 > aT 1/3 , 

so the third, fifth and seventh terms in the above minimum are superfluous. Recalling the 
definition of 5, we conclude that (14. 9 j) holds whenever 

, i1n , / . /<7 fc (30-l) 29 -l (A; + 2)0- A; -1 (4fc + 2)0 - 3A; - 2' 
(4 ' 10) P ^ mm I 6 ' 4jfcT2' 6 ' lW 

The latter minimum is exactly the function pk{0) defined in the statements of Theorems [2] 
and [HI Indeed, when k = 3, the first term in the minimum is always larger than the second, 
so it can be discarded and we are left with pz{6). On the other hand, when k > 4, the second 
and fourth terms in the minimum are superfluous. Therefore, (14. 10p is a direct consequence 
of the hypotheses of the theorems and the proof of (14.91) is complete. 

If either q > x 2kp or \qa — a\ > 5~ 2 x k ~ 2kp , we can use (12. ip to show that the second term 
on the right side of (14. 9p is smaller than the first. Thus, 

-p+e 

This establishes the theorems when P > x 2kp . When P < x 2kp , Theorem [1] gives 

sup | f k (a; x, x e ) \ < x e ~ p+£ + x e+£ p- 1/2 , 

aem{P)CM.{x 2k P) 

which in combination with (14. lip establishes the theorems in the case P < x 2kp . □ 

References 

[1] R. C. Baker and G. Harman, On the distribution of ap k modulo one, Mathematika 38 (1991), 170-184. 
[2] D. R. Heath-Brown, Prime numbers in short intervals and a generalized Vaughan identity, Canad. J. 

Math. 34 (1982), 1365-1377. 
[3] K. Kawada and T. D. Wooley, On the Waring-Goldbach problem for fourth and fifth powers, Proc. 

London Math. Soc. (3) 83 (2001), 1-50. 
[4] A. V. Kumchev, On Weyl sums over primes and almost primes, Michigan Math. J. 54 (2006), 243-268. 
[5] J. Y. Liu, G. S. Lii and T. Zhan, Exponential sums over primes in short intervals, Sci. China Ser. A 49 

(2006) , 611-619. 

[6] G. S. Lii and H. C. Tang, On some results of Hua in short intervals, Lith. Math. J. 50 (2010), 54-70. 
[7] G. S. Lii and Y. F. Xu, Hua's theorem with nine almost equal prime variables, Acta Math. Hungar. 116 

(2007) , 309-326. 

[8] X. M. Ren, On exponential sums over primes and application in the Waring-Goldbach problem, Sci. 

China Ser. A 48 (2005), 785-797. 
[9] Q. F. Sun and H. C. Tang, Hua's theorem with s almost equal prime variables, Acta Math. Sinica 25 

(2009), 1145-1156. 

[10] R. C. Vaughan, The Hardy-Littlewood Method, 2nd ed., Cambridge University Press, 1997. 

[11] T. D. Wooley, Vinogradov's mean value theorem via efficient congruencing, Ann. of Math. (2), to appear. 

[12] T. D. Wooley, Vinogradov's mean value theorem via efficient congruencing II, preprint. 

12 



Department of Mathematics, Towson University, 7800 York Road, Towson, MD 21252 
E-mail address: akumchev@towson.edu 



13 



